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APPROXIMATIONS OF PERIODIC FUNCTIONS TO Rn
BY CURVATURES OF CLOSED CURVES
J. MOSTOVOY AND R. SADYKOV
Abstract. We show that for any n real periodic functions f1, . . . , fn with the
same period, such that fi > 0 for i < n, and a real number ε > 0, there is a
closed curve in Rn+1 with curvatures κ1, ..., κn such that |κi(t)− fi(t)| < ε for
all i and t. This neither holds for closed curves in the hyperbolic space Hn+1,
nor for parametric families of closed curves in Rn+1.
1. Introduction
Let α : S1 → Rn+1 be a closed Cn+1-differentiable curve such that for each
t ∈ S1 the vectors
(1) {α′(t), α′′(t), · · · , αn(t)}
are linearly independent. We shall refer to such a curve as a closed Frenet curve.
The Gram-Schmidt process turns the set of vectors (1) into a set of orthonormal
vectors {e1, ..., en}, which, together with a unique unit vector en+1, forms a pos-
itively oriented orthonormal basis {e1, ..., en+1} called the Frenet frame [9]. The
curvatures κα1 , . . . , κ
α
n of the curve α at the point t are defined by induction by
means of the Frenet formulae
1
|α′|
e′1 = κ
α
1 e2,
1
|α′|
e′i+1 = −κ
α
i ei + κ
α
i+1ei+2, for i = 1, ..., n− 1,
1
|α′|
e′n+1 = −κ
α
nen.
It follows that the curvatures κα1 , ..., κ
α
n−1 are strictly positive [9, Proposition 1.3.4].
We say that the curve α is twisted if the last curvature καn is nowhere zero.
A curvature-like function is a periodic function to (R+)
n−1 × R, that is, a map
S1 → (R+)
n−1 × R. Every closed Frenet curve α gives rise to the curvature-like
function
jα : t 7→ (κ
α
1 (t), κ
α
2 (t), ..., κ
α
n(t)).
A curvature-like function of the form jα is called holonomic.
Given a curvature-like function s and a real number ε > 0, we say that a closed
curve α is a holonomic ε-approximation of s if jα is ε-close to s, that is, for each
t ∈ S1 we have |s(t)−jα(t)| < ε. Similarly, a holonomic approximation of a family
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{su}, where u ranges over an interval I, is a family {αu}u∈I of closed curves such
that αu is a holonomic ε-approximation of su for each u ∈ I.
Our main result is the existence theorem for holonomic approximations.
Theorem 1.1. Every curvature-like function admits a holonomic ε-approximation
for every ε. The approximating curve S1 → Rn+1 can be chosen so as to be an
embedding.
This result is not entirely trivial as its analogues fail both for families of curvature-
like functions and for approximations by curvatures of curves in the hyperbolic
(n+ 1)-space.
Proposition 1.2. There is a family {su} of curvature-like functions for n odd
that admits no holonomic ε-approximation for some ε > 0.
Proposition 1.2 will be deduced below from the Shapiro-Shapiro theorem [11].
For the next proposition note that all the above definitions extend to the case
of curves in a general Riemannian manifold (see, for instance, [1]).
Proposition 1.3. There exists a curvature-like function that for sufficiently small
ε admits no holonomic ε-approximation by a closed Frenet curve in Hn+1.
Proof. It is known that a closed curve in the hyperbolic space of any dimension
has curvature ≥ 1 at some of its points (see, for instance, [2, Corollary 1.4]).
Consequently, if a curvature-like function is chosen so that its component corre-
sponding to κ1 is everywhere less than 1/2, then for ε < 1/2 it admits no holonomic
ε-approximation. 
Remark 1.4. Our main theorem is obviously related to the Holonomic Approxi-
mation Theorem of Eliashberg and Mishachev [4]. In fact, a holonomic approx-
imation, that we are interested in, is a solution of an appropriate differential
relation [7]. We have shown that such a differential relation always has a solution.
M. Ghomi proved [6] another version of the Holonomic Approximation Theorem
and established the h-principle for curves and knots of constant curvature. Our
results are different, as well as the proofs.
2. Proof of Proposition 1.2
A twisted curve in Rn+1 is said to be right-oriented if κn > 0. By the Shapiro-
Shapiro theorem [11], the number of path components of the space of right-oriented
curves in Rn+1 for n odd is at least 3. Also, Shapiro and Shapiro proved that in this
case the space of right-oriented curves is the union of two disjoint open subspaces
ND and NC such that for some curves α ∈ ND and β ∈ NC the functions
s0 = jα and s1 = jβ are homotopic through curvature-like functions {su}u∈[0,1]
with positive last component of su for all u.
Assume that for all ε > 0, there is a holonomic ε-approximation {γu} of {su}.
Since ND and NC are open, for sufficiently small ε, the curve γ0 is in ND, and
the curve γ1 is in NC. Also, for sufficiently small ε, the curve γu is right-oriented
for all u. Thus, for sufficiently small ε, the family {γu} is a homotopy of a curve
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in ND to a curve in NC through right-oriented curves. The existence of such a
family contradicts the fact that ND and NC are disjoint.
3. Proof of Theorem 1.1
The second part of the theorem, namely, that the holonomic approximation
can be chosen to be an embedding, is a simple observation. For closed curves in
R
2 Theorem 1.1 is a consequence of the converse of the four vertex theorem [3],
and, therefore, the holonomic approximation can be chosen to be an embedded
curve. For curves in Rn+1 for n > 1, we can choose slight, in the Cn+1 metric,
perturbations of the approximating curve to get rid of the self-intersection points.
Since Cn+1-close curves have close curvatures, slight perturbations of a holonomic
ε
2
-approximation are holonomic ε-approximations.
As for the first part, the idea of the proof is as follows.
For a non-closed curve the holonomic approximation problem is trivial: one
can always find a curve with any prescribed curvatures. Using the fact that the
curvatures of a curve do not depend on the parametrization, we re-parametrize
the curvature-like function so that it is very close to a constant almost every-
where apart from a small subinterval of S1. Then we find separately the desired
approximation on this subinterval (by integrating the curvatures) and on its com-
plement (using known formulae for constant curvature curves) and notice that
these approximations can be stitched together.
Let us first prove Theorem 1.1 in the case n+ 1 = 2k.
3.1. Piecewise differentiable holonomic ε-approximations. Here we shall
prove that for every curvature-like function and every ε > 0 there exists a contin-
uous piecewise differentiable holonomic ε-approximation α. In fact, the curve α
will be constructed as a concatenation of two differentiable curves β and γ.
Lemma 3.1. Let k1, . . . , kn be real numbers with ki > 0 for i < n and kn 6= 0.
For each ε > 0, there exists δ > 0 and u > 0 with the following properties: given
two points p and q such that |p− q| < δ, there exists a curve β from β(0) = p to
β(u) = q such that
• |κβi (t)− ki| < ε for i = 1, ..., n and all t ∈ [0, u], and
• |β(i)(0)− β(i)(u)| < ε for i = 1, ..., n+ 1.
Furthermore, for any positive orthonormal basis of Rn+1 the curve β can be chosen
so that its Frenet frame at p coincides with the given orthonormal basis.
To prove Lemma 3.1 we will use curves with constant curvatures. The Frenet
formulae for curves with constant curvature ratios were integrated by J. Mon-
terde [10]. All curves in R2k with constant non-zero curvatures are of the form
(2) α(t) =
k∑
l=1
Al cos(blt) +Bl sin(blt),
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where each bl is the imaginary part of the l-th eigenvalue of the coefficient matrix
for the system of the Frenet formulae, and {A1, . . . , Ak, B1, . . . , Bk} is a basis of
R
2k with |Al| = |Bl| for all l. We refer to such curves as helices.
Note that the helix α(t) lies on a k-torus. It is either periodic or its image is
dense on a subset of the k-torus which is an s-torus (see, for instance, [8]). In
particular, for any δ there is an arbitrarily large value of the parameter u such
that α(t), together with its first n + 1 derivatives, is δ-close at t = u to α(t) at
t = 0.
The proof of Lemma 3.1 is now almost immediate.
Proof of Lemma 3.1. We shall look for the curve β(t) in the form
(3) β(t) =
k∑
l=1
Al[cos(blt) + fl(t)] +Bl[sin(blt) + gl(t)],
where fl and gl are small functions [0, u] → R for each l = 1, ..., k, which vanish
in some neigbourhood of zero. Since the curve (2) passes arbitrarily close to the
point α(0) at arbitrarily large values of u, there exists u and a closed curve of the
form (3) which satisfies the two conditions of the lemma.
Consider now the space R of all collections of functions fl(t), gl(t) : [0,∞)→ R
with compact support not containing zero. We assume that all the functions have
n+ 1 continuous derivatives and take the topology on R as the product topology
coming from the Cn+1-metric. Given u ∈ (0,∞), the evaluation map at u is an
open map R→ R2k. The conditions of the lemma, applied to the curve (3) define
an open subset V ⊂ R. In particular, for u such that there is a curve β with
β(0) = β(u) = p, the image of V contains a neighbourhood of p in R2k.
To prove the last statement of Lemma 3.1 note that the composition of a Frenet
curve with a rotation in R2k is also a Frenet curve.

The fact that the curvatures of a curve do not depend on the parametrization
is reflected in the following lemma.
Lemma 3.2. Let q : S1 → S1 be a diffeomorphism, and s a curvature-like function.
If α(t) is a holonomic ε-approximation of the function s ◦ q(t), then α ◦ q−1(t) is
a holonomic ε-approximation of s.
Let s be a curvature-like function and ε > 0 a real number. Without loss of
generality we can assume that there exists a very small neighbourhood U on which
s is constant and where s(t) = (k1, . . . , kn) with kn 6= 0.
On the other hand, according to Lemma 3.2, we do not need to think that U is
very small. In fact, for any δ > 0 we can choose a re-parametrization q : S1 → S1
so that if γ is a curve
(S1 − U)→ R2k
parametrized by arc length and such that jγ = s on S
1 − U , then the length of γ
is smaller than δ. In other words, we choose a re-parametrization of S1 for which
the length of S1 − U is smaller than δ.
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Figure 1. The map q and the concatenation of β and γ.
In particular, for a given ε we can choose δ > 0 as in Lemma 3.1 for the helix
of the curvatures k1, . . . , kn. By Lemma 3.1 the two ends of γ can be joined by a
curve β which, together with all its curvatures and derivatives of order ≤ n + 1,
is ε-close to such a helix. Adjust the parameter of this curve β, without affecting
the derivatives near the ends, so that it varies over the closure of U ; then by
construction we have that jβ is ε-close to s over U .
The closed curve that coincides with γ over S1 − U and with β over U is a
holonomic ε-approximation to s everywhere except for the end points of γ and β
where it may not be differentiable.
3.2. Improving piecewise differentiable holonomic approximations. To
begin with we observe that by Lemma 3.1 we may assume that the Frenet frames
of γ and β coincide at one of the end points. Let τ ∈ S1 be the other endpoint of
γ and β.
Lemma 3.3. For any prescribed ε′ the number δ can be chosen so that the Frenet
frames of the curves γ and β are ε′-close at τ .
Proof. If δ is sufficiently small, then by the last inequality in Lemma 3.1 the Frenet
frames of β at the end points are ε′/2-close. On the other hand, if δ is sufficiently
small, then the Frenet frames of γ at the initial and end moments t1 and t2 are
also ε′/2-close. Indeed,
e1(t2) = e1(t1) +
∫ t2
t1
κγ1(t)e2(t)dt ≈ e1(t1),
ei+1(t2) = ei+1(t1) +
∫ t2
t1
[κγi+1ei+2 − κ
γ
i ei(t)]dt ≈ ei+1(t1),
for i = 1, ..., n− 1, and
en+1(t2) = en+1(t1)−
∫ t2
t1
κγnen(t)dt ≈ en+1(t1).

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Finally, it is clear from the construction that we may assume that the curvatures
κγi are locally constant at τ and that the same is true for κ
β
i . This condition, while
not strictly necessary, allows us to simplify the statement of Lemma 3.4 below.
It only remains to prove that there exists an approximation of the concatenation
of β and γ by a differentiable curve whose curvatures is close to the curvatures for
the concatenation of β and γ at all points of S1−{τ}. Such curve can be obtained
by using well-known tools such as the the standard mollifiers (see [5, Appendix
C.4]). In particular, we have the following statement, which finishes our proof:
Lemma 3.4. Let α : R → Rn+1 be a continuous curve which for t > 0 and for
t < 0 coincides with helices of the curvatures (k1, . . . , kn). For each ε > 0 there
exists ε′ > 0 such that if the Frenet frames of α at t → −0 and at t → +0 are
ε′-close, then there exists a C∞-curve α˜ with
|α˜− α|Cn+1 < ε
in an arbitrarily small neighbourhood of 0 and α˜ = α outside this neighbourhood.
3.3. The case n = 2k. As shown in [10], all curves in R2k+1 with constant cur-
vatures are of the form
α(t) = A0t+
k∑
l=1
Al cos(blt) +Bl sin(blt),
where each bl is the imaginary part of the l-th eigenvalue of the coefficient matrix
of the system of the Frenet formulae, and {A0, . . . , Ak, B1, . . . , Bk} is a basis of
R
2k+1 with |Al| = |Bl| for all l. Unlike the helices in R
2k, these curves do not lie
on tori but on cylinders on which they are not dense. Nevertheless, Lemma 3.1 is
still true and the proof is the same as that for curves in R2k except that we find
an approximation in a neighbourhood of the curve
A0r cos(t) + A1r sin(t) +
k∑
l=1
Al cos(blt) +Bl sin(blt),
where r is a sufficiently big real number. The rest of the proof of Theorem 1.1 is
also virtually unchanged as compared to the case of curves in R2k.
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